Energy-saving optimization is very important for various engineering problems related to modern distributed systems. We consider here a control problem for a wireless sensor network with a single time server node and a large number of client nodes. The problem is to minimize a functional which accumulates clock synchronization errors in the clients nodes and the energy consumption of the server over some time interval [0, T ]. The control function u = u(t), 0 ≤ u(t) ≤ u 1 , corresponds to the power of the server node transmitting synchronization signals to the clients. For all possible parameter values we find the structure of optimal trajectories. We show that for sufficiently large u 1 the solutions contain singular arcs.
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The network consists of a single server node (denoted by 1) and N client nodes (sensors) numbered as 2, . . . , N + 1.
Let x i be a state of the node i having the meaning of a local clock value at this node. The network evolves in time t ∈ R + as follows.
1) The node 1 is a time server with the perfect clock:
2) The client nodes are equipped with non-perfect clocks with a random Gaussian noise d x j (t) dt = v + σdW j (t) + synchronizing jumps, where W j (t), j = 2, . . . , N + 1, are independent standard Wiener processes, σ > 0 corresponds to the strength of the noise and "synchronizing jumps" are explained below.
3) At random time moments the server node 1 sends messages to randomly chosen client nodes, u is the intensity of the Poissonian message flow issued from the server. The client j, j = 2, . . . , N + 1, that receives at time τ a message from the node 1 immediately ajusts its clock to the current value of x 1 :
x j (τ + 0) = x 1 (τ ),
Hence the client clocks x j (t), t ≥ 0, are stochastic processes which interact with the time server.
The function
is a cumulative measure of desynchronization between the client and server nodes. Here E stands for the expectation. It was proved in [2, 3] that the function R(t) satisfies the differential equatioṅ
Optimal control problem
Consider the following optimal control problem
Here α, β are some positive constants. The control function u (t) corresponds to the power of the server node transmitting synchronization signals to the clients. The functional (1) accumulates clock synchronization errors in the clients nodes and the energy consumption of the server over some time interval [0, T ].
The admissible solutions to (1)-(4) are absolutely continuous functions, the admissible controls belong to L ∞ [0, T ]. We prove that the problem (1)-(4) has a unique solution. We find a structure of optimal control. We show that optimal solutions may contain singular arcs.
Existence of solution
Lemma 1 For any R 0 and any parameter values T, α, β, N, σ 2 , u 1 there exists a solution (R(t),û(t)) to the problem (1)-(4).
Proof. Let B R 0 denote the set of continuous functions R :
This operator assigns to the control function u the corresponding solution R of (1)-(4).
be a minimizing sequence for the fuctional
by virtue of Banach-Alaoglu theorem. Without loss of generality one can assume that
2.
Let us prove that the sequence R (n) (t) := Ku (n) (t) converges pointwise tô R(t) := Kû(t) as n → ∞.
are uniformly bounded and pointwise convergent, hence Lebesgue's dominated theorem yields the convergence
for each fixed t. So we established the required convergence.
Let us show thatR(t) is a solution to (1)-(4).
Obviously R (n) (t) are uniformly bounded (this follows straightforward from the explicit formula (5)). Since they form a pointwise convergent sequence, Lebesgue's dominated theorem yieldsˆT
Moreover, due to weak- * convergence, one haŝ
Thus (R(t),û(t)) is an optimal solution to (1)-(4).
Pontryagin maximum principle
We will apply Pontryagin Maximum Principle [15] to the problem (1)-(4). Let R (t) , u (t) be an optimal solution. Then there exist a constant λ 0 and a continuous function ψ (t) such that for all t ∈ (0, T ) we have
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Except at points of discontinuity of u (t)
And ψ satisfies the following transversality condition
The function ψ (t) is called an adjoint function. The condition (7) is called the maximum condition.
The dynamics equation (2) and the adjoint equation (8) form a Hamiltonian systeṁ
where u (t) satisfies the maximum condition (7). The solutions (R (t) , ψ (t)) of (10) are called extremals. If λ 0 = 0, we say that (R (t) , ψ (t)) is normal. One can show [4] that in the problem (1)- (4) every extremal is normal. So we can put λ 0 = 1.
Switching function and singular extremals
then H = H 0 + uH 1 . The Hamiltonian H is linear in u. Hence to maximize it over the interval u ∈ [0, u 1 ] we need to use boundary values depending on the sign of H 1 .
The function H 1 is called a switching function. Suppose that there exists an interval (t 1 , t 2 ) such that
then the extremal (R (t) , ψ (t)) , t ∈ (t 1 , t 2 ) , is called a singular one. In this case we can't find an optimal control from the maximum condition (7). We will differentiate the identity H 1 (R(t), ψ(t)) ≡ 0 by virtue of the Hamiltonian system (10) until a control u appears with a non-zero coefficient.
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We say that a number q is the order of the singular trajectory iff
in some open neighborhood of the singular trajectory (R(t), ψ(t)).
It is known that q is an integer. Singular solutions arise frequently in control problems [9] - [13] and are therefore of practical significance. We prove that for suffiently large u 1 a singular control is realised in the problem (1)-(4).
then in the problem (1)- (4) there exists a singular extremal of order 1
and the corresponding singular control is
Proof. Assume that (13) holds. We will differentiate this identity along the extremal with respect to t:
From (13) and (15) we have
Substituting (17) in (16) we obtain
Controlling of clock synchronization in WSNs is a singular extremal of order 1 and u s = αN σ 2 β is the corresponding singular control.
Note that if αN σ 2 β > u 1 then u s does not satisfy the condition 0 ≤ u(t) ≤ u 1 hence optimal solutions to the problem (1)-(4) are nonsingular.
Recall the well-known generalized Legendre-Clebsch condition [9] , the necessary condition for optimality of the singular extremal of order 1:
We see that this condition holds in our problem. One can show that any concatenation of the singular control with a bang control u = 0 or u = u 1 satisfies the necessary conditions of optimality [9] .
From the transversality condition (9) it is easily seen that on the final time interval the optimal control u (t) in the problem (1)- (4) is nonsingular. Namely, for all initial condition R 0 and for all parameter values α, β, N, σ 2 , u 1 we have the following result.
Lemma 3 There exists ε > 0 such that u (t) = 0 for all t ∈ (T − ε, T ) .
Proof. Using the transversality condition (9) we obtain H 1 ( R (T ) , ψ (T )) = −β < 0.
The continuity of the switching function H 1 implies that
for some ε > 0. The maximum condition (7) yields u (t) = 0, t ∈ (T − ε, T ).
The orbits of the Pontryagin maximum principle system
Consider the behaviour of the extremals on the plane (R, ψ). Let Γ be a switching curve, that is, a set of point such that H 1 (R, ψ) = 0. By (11) we have Γ = {(R, ψ)| β + Rψ = 0}. We are interested in the domain {(R, ψ) : R > 0}. Denote
Above Γ + the optimal controlû equals 0, below Γ + the optimal controlû equals u 1 (see (12) ). Let u = 0 then the Hamiltonian system (10) has the forṁ
The general solution of (18) is
On the plane (R, ψ) the orbits of the system (18) are straight lines
Controlling of clock synchronization in WSNs Let u = u 1 than the Hamiltonian system (10) has the forṁ
The general solution of (19) is
On the plane (R, ψ) if C = 0, w = 0, the orbits of the system (19) are hyperbolas 
Orbits in the nonsingular case:
Controlling of clock synchronization in WSNs Remark. On these figures we don't show trajectories (R(t), ψ(t)) with ψ (0) > 0 because they cannot satisfy the transversality condition.
Note that in the case αN σ 2 /β ≤ u 1 two extremals go out of the singular point
(with u = 0 and u = u 1 ). But only one extremal (going of the singular point) satisfies the transversality condition (9) . Thus for any R 0 ≥ 0 there exists a unique extremal such that R (0) = R 0 , ψ (T ) = 0. Since we prove that a solution to problem (1)-(4) exists hence the constructed extremals are optimal.
To summarize the above analysis in the next two sections we consider separately the nonsingular and singular cases. In each case we provide a plot with optimal solutions and state a conclusion on the structure of the optimal controlû(t) (Theorems 1 and 2) . It is interesting also to see how the structure ofû(t) depends on the parameter R 0 and T . The answer is presented on Figures 4 and 6 . Theorem 1 Let αN σ 2 β > u 1 , that is, optimal solutions are nonsingular (Lemma 2). Then, depending of values R (0) and T , the optimal controlû(t) has one of the following forms
i.e., the optimal control switches between u = 0 and u = u 1 and the number of switchings does not exceed 2.
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The Fig. 4 shows how the structure of optimal controlsû =û(t), t ∈ [0, T ], depends on T and on the initial value R(0). 
Let (θ, ρ) be some point on the plane (T, R(0)). Assume that (θ, ρ) belongs to a domain labeled, for example, by (a, b, c). This means that for the optimal control problem with T = θ and R(0) = ρ the optimal control functionû(t) has the following form Theorem 2 Let αN σ 2 β ≤ u 1 . Then, depending of values R (0) and T , the optimal controlû(t) has one of the following forms
i.e., the number of control switchings does not exceed 2 and the optimal solutions may contain the singular arcs (cases 2.3-2.5). As it is seen from Fig. 6 in the singular case on the plane (T, R(0)) we have more domains with different structures of the optimal controlû =û(t). These additional domains are labeled as (u S , 0) or (a, u S , 0). Note that on that intervals t ∈ ∆ wherê u(t) = u S the functionR(t) takes the constant valueR S : R(t) =R S , t ∈ ∆.
Conclusions
We considered the control problem for wireless sensor networks with a single time server node and a large number of client nodes. The cost functional of this control problem accumulates clock synchronization errors in the clients nodes and the energy consumption of the server over some time interval [0, T ]. For all possible parameter values we found the structure of optimal control function. It was proved that for any optimal solution R (t) there exist a time moment τ, 0 ≤ τ < T , such thatû(t) = 0, t ∈ [τ, T ], i.e., the sending messages at times close to T is not optimal. We showed that for sufficiently large u 1 the optimal solutions contain singular arcs. We found conditions on the model parameters under which different types of the optimal control are realized. We hope that our study of the energy-saving optimization will also be usefull for analysis of other engineering problems related to modern distributed systems. In future we plan to extend these results to more general models.
